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Abstract 

 

A set of multi-frequency acoustic equations, sufficient to describe a suspension in terms of a two 

parameter distribution function defined in terms of an equivalent volume sphere, is examined to 

determine the conditions necessary to deliver solutions for a given data set.  For three incident 

acoustic frequencies, the equations are fully determined, and in principle, the solutions are exact.  

A criterion is developed to establish the existence of exact 3-frequency solutions directly from the 

data before analysis is undertaken.  With access to four or more frequencies, comparison of 

alternative independent solutions provides a measure of the quality of the match between the 

backscatter model and the data, providing a powerful diagnostic tool.  The methodology is 

illustrated by examples drawn from the elastic sphere as a backscatter model, with a frazil ice data 

set serving as an example of evaluation where the particle geometry differs maximally from the 

elastic sphere model.   

 

1.  Introduction 

 

The use of near simultaneous sequences of high frequency acoustic pulses to establish the physical 

properties of populations of suspended matter is a long established technique in many fields,  

examples ranging from tracking sediment transport, to ocean surveys of suspensions of biomass.  

In most cases, the extraction of the physical properties of the target from the backscattered acoustic 

energy is well understood, and occupies an extensive body of literature; for example, Hay and 

Sheng, 1992, Crawford and Hay, 1993, Stanton et al. 1997.  The more recent application of the 

technique to the formation of frazil ice in rivers, (Marko and Jasek, 2010, Marko et al. 2015, Marko 

and Topham, 2021, McFarlane et al. 2017), and in the vicinity of Antarctic ice shelves (Frazer et 

al. 2020, Kungl et al. 2020), is  less well developed, with questions  arising as to the acoustic 
scattering properties of the disk shaped ice particles.   

 

Here, the fundamental question is explored of the conditions necessary for a theoretical acoustic 

backscatter model to yield solutions for a given multi-frequency data set.  Specifically, criteria are 

developed for a theoretical model with a two parameter particle distribution to deliver valid 

solutions for given multi-frequency data set.  For three sampling frequencies, the set of equations 

is fully determined and in principle, the solutions are exact.  In this context, the term exact refers 

to the computational precision of the algorithm, not to the physical properties of the target 

suspension.  This requires additional acoustic frequencies to provide alternative sets of three 
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frequency combinations, each enclosing a different range of the model backscatter relationship.  

This generates a set of independent, high precision solutions for the same physical target; their 

inter-comparison then provides a measure of the accuracy of the physical property estimates.  The 

significance of the existence criteria is that they enable the existence of valid 3-frequency solutions 

to be established for a data set prior to analysis.  The high precision of the solutions serves as an 

identifier, providing confirmation that the algorithm is functioning as intended; it is of negligible 

consequence in the context of the final estimates of the physical properties of the target suspension.   

 

. 

2.0 Basic theory of measurements and extraction/characterization procedures. 

 

The analysis is subject to the following assumptions:  

  

1. That the total flux of backscattered acoustic energy is the sum of the energy scattered by 

individual particles.   

2. That the normalized particle backscatter cross section, BS/πâ 2 is a unique function of the 

parameter k1â, where the wave number k1 is the incident acoustic wavelength, and â the 

characteristic length scale of an individual particle.  

 

The general length scale â is taken here to be ae , the  radius of an equivalent  volume sphere, 

Ashton (1983), a reflection of the inherent dependence of the physical scattering on target volume.  

 

Data is specified in terms of volume backscatter coefficients, sV(νi), defined as the scattered 

fraction of acoustic power incident on a unit volume suspension. at frequency, νi.  In general terms, 

the backscattered energy balance for measurements made in each of n different frequency channels 

can be expressed as: 

 𝑠𝑉(vi)=N∫ g(ae)σBS(ae,vi)dae

∞

0

 , (1) 

    

where N denotes the total number of particles per unit volume; σBS(ae,νi) the  theoretical backscatter 

cross section of an individual particle at an acoustic frequency νi, and ae, the “effective sphere” 

radius.  The parameter σBS(ae,νi) is distributed according to a two parameter probability 

distribution, g(ae), satisfying: 

 

                           ∫ g(ae)dae=1
∞

0
                                                                                        (2) 

  

For present purposes, a lognormal distribution function is assumed, Crawford and Hay (1993) for 

sediment transport, or for frazil ice, (Clark and Doering, 2006; McFarlane et al., 2015).  The two 

parameter lognormal distribution: 

    

                              𝑔(𝑎𝑒 , 𝑎𝑚 , 𝑏) = [(2𝜋)0.5𝑏𝑎𝑒]−1𝑒−0.5(
𝑙𝑛(𝑎𝑒 𝑎𝑚⁄ )

𝑏
)

2

 ,                                           (3) 

 

is adopted for the computations. The descriptive population parameters are the mean effective 

radius, am, and b, the standard deviation of the natural logarithm of ae which describes the “spread” 

in effective radius values.  
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The particle number density N appears as a common multiplying factor in the set of equations (1), 

and can be eliminated by division to express the equations in terms of ratios of backscatter 

coefficients (Hay and Sheng, 1992), denoted by G(i,j) , where the indices i and j identify the 

individual data channels, ie. G(2,1) ≡ sV(ν2)/sV(ν1), etc. This expands the set of n equations (1) to 

the number of possible combinations of (n-1) frequency pairs (i, j), ie. n!/(2(n-2)! equations of the 

form:                      

𝐺(𝑖, 𝑗)𝑚𝑒𝑎𝑠 = 𝐺(𝑖, 𝑗) (4) 

 

G(i,j) being the ratio of the right hand member of the set of equations (1). 

 

For pairs of ratios sharing a common frequency, the equations (4) are fully determined, and  in 

principle provide a computationally exact solution for the distribution parameters.  The number 

density N then follows from the measured sV(νi) values via equations (1).  

The corresponding estimates of fractional volume F follow from, 

                                       

      𝐹 = 𝑁 ∫ (
4𝜋

3
) 𝑔(𝑎𝑒 , 𝑎𝑚, 𝑏)𝑎𝑒

3∞

0
𝑑𝑎𝑒            (5) 

 

Considering just two frequencies reduces the problem to the less informative, but more widely 

applicable, two-channel analysis previously used by Marko and Jasek (2010).  This limits the 

characterization of suspensions to the reduced parameters a* and N*, representing the target as a 

suspension of uniformly sized particles.  The set of Eqns. (4) then reduces to a single equation in 

a* for each of the independent G(i,j) ratios, where the volume backscatter coefficient equation 

simplifies to 

 𝑠𝑉(𝜈𝑖) = 𝑁∗𝜎𝐵𝑆(𝑎∗, 𝜈𝑖),    (6) 

    

This representation does not realistically describe the details of the target suspension, but the 

inherent dependence of the physical scattering on target volume results in a relatively robust 

estimate of the fractional volume parameter F*, where: 

 

                                              𝐹∗ =
4𝜋

3
𝑁∗𝑎∗3

     .                                                          (7) 

For a suitably narrow particle distributions, F* is a good approximation to F. 

 

 

The exact solutions can be identified from a simple least squares routine as vanishingly small 

values of the residual Q, defined by the sum of the squares of the residuals of the ratio equations, 

 

𝑄 = ∑ [𝐺(𝑖, 𝑗)𝑚𝑒𝑎𝑠 − 𝐺(𝑖, 𝑗)]2𝑚
1        (8)

  

where m = 1 for 2- frequency, and 2 for 3-frequency solutions respectively.                               

 

Ideally, the values of N returned by individual frequencies have identical values, their differences 

providing a further measure of the numerical precision of the solution.   
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2.1 The characteristics of the exact solutions.  

 

The general structure of the exact solutions for the set of ratio equations (4), is discussed in a 

graphical framework, illustrated here for the elastic sphere, (Faran, 1951) and complimented by 

examples of data drawn from the 2011-12 Peace River 4-frequency frazil ice deployment of Marko 

et al. (2015). Specific examples are computed from the modern formulation of the sphere cross-

section algorithm, publicly available as implemented by Dezhang Chu of the Northwest Fisheries 

Science Center).  Data were acquired at, 125 kHz, 200 kHz, 455 kHz and 774 kHz respectively.  

Erratic behaviour of the 200 kHz channel 2 data, limited examples to just three channels, providing 

access to three, independent 2-channel solutions, and one 3-channel solution.  To facilitate later 

discussion of this data, the backscatter ratios are referenced by combinations of the channel 

numbers 1, 3 and 4. For reference, the normalized backscatter cross section for an elastic sphere 

suspended in fresh water is shown in Fig 1; the symbols mark modifications arising from the 

discussion of Section 3. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1.  The normalized backscatter cross section for an elastic sphere of ice suspended in 

freshwater. Symbols indicate possible modifications deduced from disk shaped frazil ice scatterers.  

 

 

2. 1.1  Two-channel solutions. 

 

Each of the channel pairings, expressed in terms of the backscatter ratios provides an independent 

description of the physical parameters of the target, as shown Fig. 2.   Solutions are determined by 

the intersections of the data, represented by the horizontal lines, with the corresponding theoretical 

functions. The particle number density N* and fractional volume F* then follow from equations (6) 

and (7). The existence of a solution only requires that the data is enclosed by the bounds of the 

appropriate branch of the G(i,j)  function.  The data examples are drawn from the Peace River data 

of Table 2, Section 3.  
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Figure 2.  Illustration of two-frequency solutions obtained from intersections, denoted by diamond-

shaped markers. of measured (4,1), (3,1) and (4,3) backscatter coefficient ratios (light horizontal 

lines) with corresponding theoretical functions.  The vertical broken line marks the mean value of 

a* at 0.38 mm.  The displaced dashed segments of the curves relate to the discussion of Section 3. 

 

The G(i,j) functions are two-valued within the range of interest, with solutions marked by diamond 

symbols, and  designated as “lower” and “upper” branch solutions with respect to the function 

minima. The physically relevant solutions for the three channel combinations, marked by solid 

diamonds, represent the same physical target, and their dispersion about the mean value, marked 

by the chain dotted line, is a measure of the overall accuracy.  The secondary solutions, marked by 

open symbols, are more widely dispersed, and, in this example, are easily distinguished.  For 

solutions occurring close to the function minima, the correct choice of solution can be problematic.  

This ambiguity is resolved by consideration of the three-channel solutions.   

 

   

2.1.2  Three channel solutions 

 

For the more informative three-channel solutions, two measured backscatter ratios must share a 

common solution for both am and b.  The structure of the solutions is illustrated in Fig. 3 for the 

(3,1) and (4,3) channel combinations as full and dashed lines respectively, identified by the particle 

distribution parameter b.  The two horizontal lines represent the measured input ratios for a 

hypothetical input data point having the solution am = 0.274 mm, and b=0.2, (marked by solid 

symbols).  Note that the second intersection of the data with the lower branch of the G(4,3) curves 

at a lower am have no matching G(3,1) intersection, establishing that the three-channel solutions 

are single valued, and confined to the upper branch of the G(4,3) curve.  As in the two-frequency 

case, the number density parameter N is then calculated from the solution and in combination with 

a measured backscatter coefficient, substituted in Eq.1; the fractional volume, F following from 

Eqn. 5.  
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Figure 3. A graphical illustration of a three-channel solution using the (3,1) and (4,3) pairs. The 

solution space is specific to the elastic sphere model. 

  

In the limit as b approaches zero, the branch pairings define the branch of corresponding two-

channel solutions for each included channel pair, resolving the previously noted the two-channel 

ambiguity.  The branch pairings of the G(i,j) functions for the possible three-channel combinations 

are listed in Table 1.  Each pairing contains the same frequency information, and thus represents 

the same solution.  The solution branches are unique to the individual channel pairs and hence 

define the relevant branches of the corresponding two-channel solutions. 

 

Table 1. Branch pair combinations for the 3-channel elastic sphere solutions. 

 

Branch pair combinations 

G(4,1) Upper G(4,3) Upper 

G(3,1) Lower G(4,3) Upper 

G(3,1) Lower G(4,1) Upper 

 

Each value of am defines a pair of boundary points on Fig. 3 enclosing a range of input data capable 

of supporting three-channel solutions; the upper and lower boundaries respectively defined by the 

G(3,1)b=0 curve, and the upper branch of the G(4,3)b=0 curve, (corresponding equivalent boundaries 

can be defined for the alternative channel pairings listed in Table 1).  The relationship between 

these boundary values establishes the necessary condition to be satisfied by the data for the 

existence of the three-channel solutions.  Solutions for particular values of b are further constrained 

to am values between the minimum of the G(4,3) function and its intersection with the G(3,1) 

function,.  Where the functions fail to intersect, as illustrated for b = 0.3, solutions are limited by 

the minimum of the G(3,1) function. 
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Figure 4.  (a) The existence diagram for elastic sphere 3-frequency solutions, + data points for 

Peace River frazil ice; (b) The solution map for the elastic sphere.  

 

Fig. (4a) shows the existence diagram for 3-channel solutions of the elastic sphere G(3,1) and 

G(4,3) pairing, the thicker line indicating the critical b=0 boundary, the data points of the March 

20 Peace River frazil interval demonstrate that no 3-channel solutions exist for this data set when 

analysed with the elastic sphere model.  Figure 4b maps the corresponding parameter boundaries 

in (b, am) space.  In cases where solutions exist, appropriate initial values of am and b must be 

assigned to ensure convergence to the exact solution.  Ideally, these should lie within the shaded 

area of Fig 4b, a suitable value of b being available from Fig. 4a.  For the elastic sphere illustrated 

here, initial conditions below the lower boundary of Fig 4b also converge.  In the case where a 3-

channel solution is sought where none exist, the search algorithm progresses to a state with b≈0, 

returning value of am approximating the mean of the three possible individual 2-channel solutions.   

 

3.0 Evaluation of the elastic sphere for the representation of non-spherical acoustic targets. 

 

The availability of a set of multi-frequency acoustic profiling data of frazil ice suspensions 

provides the opportunity to evaluate the application of the equivalent volume elastic sphere for 

analysis of weakly buoyant suspensions of disk-shaped particles.  The analysis was carried out on 

2-minute averaged Peace River sV data from a 20 March, 2012 time interval representative of the 

most commonly occurring “single-peak” form of frazil interval, usually associated with moderate 

supercooling conditions (Marko et al., 2015).  The existence criteria have established that no three-

channel solutions can be found for this analysis, Fig. 4a .  The evaluation, therefore, is confined to 

two-frequency analysis under the assumption of a uniform particle distribution of radius a*.  The 

loss of data channel 2 limited the evaluation to three independent 2-frequency solutions.  The 

validations are based on the relatively robust estimates of derived frazil fractional volumes.   

, 
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The full time series of F* for the two-channel pairings: (3,1), (4,3) and (4,1) are shown in Figs. 5a, 

b and c. Panels (a) and (b) are similar, with somewhat lower peak values for the latter case.  Panel 

(c), representing results in which the channel pairing is separated by the full frequency range, has 

a more prominent peak and, overall, a notably exaggerated scatter.    

 

 
 

 

 
 

 
 

Figure 5.  Comparisons of the March 20 frazil fractional volume as derived with the data 

channel combinations: (a), (3,1); (b), (4,1) and (c), (4,3).  

 

Detailed quantitative comparisons focus on average values over the 90-110 minute interval 

encompassing the peak fractional volumes. Key results and relevant parameters deduced for this 

period are summarized in the first three rows of Table 2 for the available channel pairings. Listed 

values are overall averages of two-channel extractions from ten individual data points and are 

equivalent to a single time averaged data set centred on the peak of the curves of Fig.5.  
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Table 2. Results of the three possible two-channel extractions from sv data.  

 

Channels 
Peak 

ae
* 

 Peak F*(t) Peak N*(t) F*(t)/F*Mean 
Lowest value of      

k1ae
* or k1am 

Highest value of         
k1ae

* or k1am 

3,1 (lower) 0.420 3.85E-05 1.24E+05 0.847 0.235 0.856 

4,3 (upper) 0.365 3.15E-05 1.55E+05 0.694 0.744 1.265 

4,1 (upper) 0.346 6.63E-05 3.82E+05 1.46 0.194 1.200 

Means 0.377 4.54E-05 2.20E+05 1 n/a n/a 

 

 

The entries in the first column specify pair composition and the relevant branch of the 

corresponding G(i,j) curve. The final two columns list values of k1ae corresponding to the lowest 

and highest acoustic frequency associated with each extraction.   The opposing effects of changes 

in ae
* and N* allow relatively  robust estimates of the fractional volume, F*, which reflect the 

dominant role of target volume in the scattering response of the weakly buoyant suspensions.  

 

The F* values for the (3,1) and (4,3) pairs, differ by 20%, an encouraging result, given that the 

joint k1ae range embraces the local minimum of the sphere cross section characteristic.  For the 

(4,1) pair, spanning the upper and lower k1ae extremes, the F* value exceeds the (3,1) and (4,3) 

pair values by a factor of roughly 2.  

 

The spread in ae
* values is illustrated in Fig 2 in the graphical representation of the solutions, with 

the vertical chain-dotted line marking the overall average ae
* value and small circular symbols 

marking intersections with the corresponding data inputs. Assuming the channel-averaged value 

of a* as a plausible solution for a hypothetical, fully self-consistent (i.e. channel-independent) 

extraction algorithm, requires modified G(i,j) functions which satisfy the input data at the channel-

averaged  a* values, illustrated  by the short downward shifted dashed line segments. This places 

the data point on the critical boundary of a modified G(3,1), G(4,3) existence map.  Assuming that 

k1ae values associated with channel 1 data are sufficiently low to be represented by the elastic 

sphere model, the downward shifts in the G(i,j) functions translate into corresponding shifts in the 

normalized cross section characteristic, indicated by the solid points on Figure 1.  These suggested 

modifications are consistent with laboratory measurements on polystyrene disks and spheres, 

Marko and Topham, (2015). 

 

 

4.0 Summary and conclusions 

 

A set of multi-frequency acoustic equations, sufficient to describe a suspension in terms of a two 

parameter distribution function defined in terms of an equivalent volume sphere, is examined to 

determine the conditions necessary to deliver solutions for a given data set.  Of primary interest is 

the accuracy of estimates of suspended fractional volumes.  For three incident acoustic frequencies, 

the equations are fully determined, and in principle, the solutions are exact.   In order to realise the 

exact solutions, it is necessary to express the equations in terms of ratios of volume backscatter 

coefficients, (Hay and Shen, 1992).  This reduces  the problem to a pair of equations in the particle 

distribution parameters, with a subsequent calculation of particle number density utilizing the 

measured volume backscatter coefficients.  A relationship between the theoretical backscatter 
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ratios defines the criterion which must be satisfied by the corresponding measured ratios for the 

existence of exact solutions.  This allows the existence of 3-frequency solutions to be established 

directly from the data before a full analysis is attempted.  

 

In this context, the term “exact” refers to the numerical precision of the algorithm, not to the 

accuracy of the representation of the physical acoustic target.  To establish accuracy additional 

frequencies are required to generate alternative pairs of ratios sharing a common frequency, each 

providing an, independent, 3-frequency solution for the same acoustic target.  Inter-comparisons 

of these independent solutions then provide a measure of the quality of the match between the 

theoretical backscatter model and the data.   In this respect. evaluation is greatly enhanced by the 

inclusion of the more accessible, but less informative, 2-frequency solutions based on a uniform 

particle distribution.  Where 3-frequency solutions are not available, the 2-frequency solutions 

provide relatively robust estimates of fractional volumes.  

 

For more than three frequencies, the number of data ratios increases factorially, with pairs of ratios 

sharing a common frequency providing additional, independent, 3-frequency solutions for the 

same acoustic target. The inter-comparison of these independent solutions then provides a measure 

of the quality of the match between the theoretical backscatter model and the data.  In a practical 

application with a fully validated scattering model, the existence criterion acts as a pre-analysis 

filter to locate inappropriate data points.  Conversely, as in the example included here, the data can 

be applied to assess  the  performance of the algorithm. The high precision of the exact solutions 

is insignificant in the context of the overall error estimates, it provides confirmation that the correct 

solution has been returned. The high precision eliminates uncertainties associated with the 

convergence of the algorithm from error estimates.   

 

 

The general methodology is illustrated throughout by results drawn from the elastic sphere as an 

example of a theoretical model. The evaluation procedure is demonstrated by the application of 

the elastic sphere model to a frazil ice data set, a case where the thin disk geometry differs 

maximumly  from the spherical geometry of the model.  The existence criterion establishes that 

while the elastic sphere model cannot provide the 3-frequency solutions, validation based on the 

2-frequency analysis  suggests modifications to the spherical backscatter model sufficient to satisfy 

the 3-frequency existence criterion. These modifications, shown in Fig 1, are consistent with 

laboratory measurements on polystyrene disks and spheres, Marko and Topham, (2015).   
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